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Since 1996, the Fermilab Booster is equipped with turn-by-turn beam profile 
measurements. This is the first attempt to systematically measure the evolution 
of the beam emittances during the acceleration cycle, and their dependence on 
the beam intensity. This effort is important because the demand of neutrino-
experiments: The proton demand on the Booster has increased from 7E15 to as 
much as 1.8E17 protons/hr because of the MiniBooNE and NuMI projects.  [see 
X. Huang,  S.Y. Lee, K.Y. Ng, and Y. Su, PRSTAB 8, 014202 (2006)]

1. Introduction
2. Measurements and Modeling in emittance reduction
3. Modeling by numerical simulations
4. Implications on the FFAG accelerators
5. Conclusions

An Overview of Booster’s lattice

• Superperiod=24
• In each period, four Combined-

function magnets. Length 2.889 m. 
Gradients are K1(F)=0.0542 m-2 and 
K1(D)=-0.0577 m-2. The integrated 
focusing strengths are 0.313 m-1 and 
–0.333 m-1.

• Horizontal tune 6.7, vertical tune 6.8
• Extraction doglegs in L03 and L13 
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Typical Injection scheme at the Fermilab
Booster: H- at 400 MeV from Linac is about 
30 mA. Strip injection into the Booster gives 
about 4.2×1011 protons per injection turn. At 
400 MeV, the revolution frequency is 
4.51×105 Hz. The Normal operation has 12 
injection turns, and the total intensity is about 
5×1012 ppp at 15 Hz rep-rate. In fact, when 
the injection turn is larger than 12, the 
Booster loss problem becomes severe.
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Ionization beam profile monitors (IPM's) measure the beam profile 
by collecting electrons from background gas ionization. 
Measurement accuracy will depend on the number of electrons 
collected. The number of electrons collected depends on pressure, 
bunch intensity, and data collection mode. The center-to-center 
distance between microchannels is of the order of 1.5mm. Thus one 
can measure the beam width to within 1.5-2.0 mm. For the IPM at 
Fermilab Booster, the space charge correction has been shown to 
be important [J. Amundsen et al PRSTAB 6 102801 (2003)]
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Machine modeling: 
βx=6.3, βz=21.4, Dx=2.54, 
at the IPM location with 
Qx=6.7, Qz=6.8 

Space charge effects: Linac delivers about 30 mA beam current to 
the Fermilab Booster, i.e. about 4.2×1011 particles in one injection 
turn.
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The space charge perveance can be calculated from the beam 
parameters, and there are three fitting parameters, a0,b1,b2.

10-turn injection

N= number of particles per unit length

Summary:
1. dεz/dt ~ b+Ksc
2. εz increases linearly with t.

Horizontal IPM measurements
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Post Transition Horizontal beam size oscillation
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Summary:
1. dεz/dt ~ b+Ksc
2. εz increases linearly with t at about 1 π-mm-mrad in 104

revolutions.
3. The horizontal emittance and the off-momentum spread can 

be separated by using different scaling law (energy 
dependence).

4. The horizontal emittance is less affected by the space 
charge force! Why?

5. The slow linear growth of the horizontal emittance is the 
same as that of the vertical plane!

6. The post-transition horizontal bunch-width oscillation is 
induced essentially by the longitudinal mis-match of the 
bunch shape with space charge effect in the rf potential well. 
Using the bunch shaoe mis-match, one can deduce the phase 
space area.

Modeling algorithm:
We consider N-particle in Gaussian distribution and construct a model with 
24 Superperiod FODO cells

γT



Space charge force is a local kick on every half cell: 
• Sextupole nonlinearity on each half cell for nonlinearity in dipoles
• Linear coupling,
• Random quadrupoles with zero tune shifts
• Random closed orbit error
• Dynamical aperture of 80 by 50 pi-mm-mrad
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Random number generators are used to generate b0, a0, b1, and a1. The 
quadrupole error is subject to a constraint with zero tune shift. The 
integrated sextupole strengths are set to the systematic values: -0.0173 m-2

and -0.263 m-2 for focusing and defocusing dipoles respectively.

(For n>nt=9600) Gδ=2, Aδ=0.5, f=1/150, αδ=1/(15*150)
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Effect of dipole field errors:

Red curves: ∆x’=0.000020 rad, ∆z’=0.000075 rad
Blue curves: No dipole error
Betatron tunes are regular operation tunes

Effect of quadrupole field error:



Effect of random quadrupole field error: 40e-4 m-1, while changing  the 
horizontal betatron tune from 6 to 7.

Montague Resonance: (No linear errors) Effects of linear skew quadrupoles

Sum resonance
Different resonance



Effect of a sum resonance!

Summaries:

1. We are able to fit experimental measured IPM data (vertical and horizontal) 
to deduce the betatron emittances of the beam. We note that the vertical 
emittance increases rapidly in the initial stage of acceleration. The horizontal 
emittance seems to be less affected by the space charge at the initial stage.

2. The bunch width oscillation after the transition crossing has been used to 
deduce the bunch-mismatch factor, and the result is consistent with the rf
program in the Booster operation.

3. We use the rms space charge force model to carry out numerical simulations. 
We are able to fit the observed data of emittance growth. The emittance
growth in the vertical plane has resulted mainly from the skew quadrupoles, 
that induce a sum resonance at Qx+Qz=integer. This induces emittance
growth mainly in the vertical plane. The reason is that the Montague 
resonance suppresses the growth of the horizontal emittance, and enhance 
the vertical emittance by about 25%. The random dipole field error also 
generates about 25% vertical emittance growth.

4. Need more work to understand more detailed mechanism of skew 
quadrupoles in the presence of Montague Resonance! A student is 
extending the simulation program using the error-function for the space 
charge kick model.

4. What is the effect of the nonlinear systematic space 
charge resonances on beam emittances? 

The space charge potential has the form of exp(-(x2+z2)/4σ2). We know that the 
Montque resonance is produced by the x2z2 term in the potential. How about the 
systematic resonance induced by the terms x4, z4, x2z2, x6, x4z2, x2z4, z6, etc? Since 
the space charge potential follows the beam profile, which has the same 
superperiodicity, systematic resonances are located at 4qx=P, 4qz=P, 2qx+2qz=P, 
6qx=P, 6qz=P, etc.

What is the effects of systematic resonances?
1) S. Machida, NIMA 384, 316 (1997)
2) Ingo Hofmann, Giuliano Franchetti, and 

Alexei V. Fedotov , HB2002, AIP 
conference proceedings

3) S. Igarashi et al., observed at the KEKPS at 
injection, PAC2003, p.2610 (2003)

4) Oliver Boine-Frankenheim observed the 4th

order resonance in bunch rotation at the 
SIS18 simulations.



If one chooses the bare tunes at (6.23, 6.20), and 
1000 injection-turns, with a total tune-shift of 1.1. 
Note that the tune shift of SNS is only 0.15!

The tune for small 
amplitude particles 
continue to decrease 
as the particle is 
injected!

Phase space map at 
the end of injection.

FODO cells

2-kick approximation:

See also: S Machida, Nucl. Inst. Methods A384, 316 (1997)
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SIS18 
space charge octupole term

G4,0,ℓ=1.25E-3

G0,4,ℓ=1.33E-3

G2,2,ℓ=2.62E-4

G2,-2,0=0.124



Effect of 4qx=24, and 2qx+2qz=24: How about the 6qx=P and 6qz=P resonances?

5. Non-scaling FFAG 
design by A. Ruggiero, AP-Technote: 219 (BNL-ADD)

Thanks to Shinji’s 
talk at GSI!



dQx/dn=20/2000=0.01
dQz/dn=30/2000=0.015
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When the tunes ramp through resonances, the number of turns that the tune stays on 
resonance is ∆n=g/(dν/dn). Thus we expect that the emittance growth is given by
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In this calculation, the 
tunes are ramped from 
(6.85,7.80) to (5.85, 6.80)



λ≈1.5 for quadrupole error, and 3.5 for skew quadrupole error

136/4=34
136/6=22.6666

Conclusion:

1. Systematic Nonlinear space charge resonances can be important in high 
intensity accelerators

2. For future neutron source design, one should try to avoid the systematic 
nonlinear space charge resonance, if it is possible!

3. For the non-scaling FFAG, the nonlinear resonances induced by the 
space charge potential can be the limiting factor. These resonances limit 
the phase advance of each basic cell to within π/2 to π/3, and thus the 
momentum acceptance is highly constrained. 

4. I also find that the emittance growth factor for quadrupole and skew-
quadrupole errors obeys a simple scaling law:
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